Zr with an emphasis on the g factors and electromagnetic decay rates for the lowest 2 + and 3 − states. Overall the 2 + states are reasonably well described. In contrast, the 3 − states present a puzzle because the measured g factors imply a single-particle configuration whereas the experimental E3 transition rates imply collective structures that cannot be explained by shell model calculations. A consistent description of the 3 − states in 90 Zr and 96 Zr is sought in terms of coupling between the single-particle structure and a collective octupole vibration.
I. INTRODUCTION
The g factors of low-excitation states in the even Zr isotopes from 90 Zr to 96 Zr have recently been measured by the transient-field technique in inverse kinematics [1] [2] [3] with the result that the data on magnetic moments in the N = 50 region are now becoming quite extensive. Although there have been many shell model calculations on the Zr and Mo isotopes near N = 50, most have not considered these observables, especially in nuclei with a few nucleons beyond N = 50.
In the simplest single-particle model, the ground states of the Zr isotopes have a filled 2p 1/2 subshell, and while the major neutron shell is closed at N =50 in 90 Zr, the 2d 5/2 subshell is closed at N =56 in 96 Zr. Between 90 Zr and 96 Zr, the low-excitation structure is expected to be dominated by neutron 2d 5/2 configurations.
Pioneering shell model calculations for the Zr isotopes were performed by Talmi and Unna [4] , Auerbach and Talmi [5] , and Vervier [6] in the 1960s. Model spaces with a few orbits outside 38 88 Sr 50 or 40 90 Zr 50 cores were considered. In the mid-1970s Gloeckner [7] determined effective interactions for the Zr and Nb isotopes with 88 Sr taken as an inert core and protons filling the (2p 1/2 , 1g 9/2 ) levels and neutrons in the (2d 5/2 , 3s 1/2 ) levels. There has been ongoing interest up to the present time. For example, recently Zhang et al. [8] studied nuclei with N ജ 50 and A =92-98 in the larger model space ͑1f 5/2 ,2p 3/2 ,2p 1/2 ,1g 9/2 ͒ and ͑1g 9/2 ,2p 1/2 ,2d 5/2 ,3s 1/2 ,2d 3/2 ,1g 7/2 ͒, and Holt et al. [9] considered the zirconium isotopes between 90 Zr and 100 Zr with a basis consisting of ͑2p 1/2 ,1g 9/2 ͒ and ͑2d 5/2 ,3s 1/2 ,2d 3/2 ,1g 7/2 ,1h 11/2 ͒ and realistic effective interactions. Also recently, Johnstone and Towner calculated effective charges and effective magnetic dipole moments in the mass 90 region [10, 11] . Lisetskiy et al. [12] performed shell model calculations for 94 Mo to investigate the nature of states assigned mixed symmetry in the proton-neutron interacting boson model, and Werner et al. [13] extended the study to 95 Zr, including a consideration of the excited-state g factors.
The first part of the present study (in Secs. II and III) concerns shell model calculations of g factors in the Zr isotopes between 90 Zr and 96 Zr, performed using basis spaces and interactions that have previously been used to calculate the level sequences and transition rates [7, 8] . While some aspects have been reported in Refs. [3, 14, 15] , the focus here is on the g factors of the lowest 2 + and 3 − states. It has been recognized in the earlier work that the 2 1 + -state g factors in the Zr and Mo isotopes with N Ͼ 50 may show evidence of collective features that are not easily accounted for in shell model calculations. Given that the measured B͑E3͒ for 96 Zr is among the strongest octupole-phonon to ground-state transitions observed in nuclei [16, 17] , by some measures stronger even than those found in 40 Ca and 208 Pb, it can be expected that collective features beyond the scope of limited-basis shell model calculations will also be important in relation to the 3 1 − states. After discussing the shell model calculations in Sec. III, which provide a benchmark against which the importance of collective components can be evaluated, it becomes evident that there is a dichotomy concerning single-particle and collective features of the 3 − states. As a first step towards the resolution of this dichotomy, the coupling of the single-particle configuration to the octupole vibration is considered by means of a semiempirical model in Sec. IV. Section V contains a summary and concluding remarks.
II. DETAILS OF THE SHELL MODEL CALCULATIONS
Shell model calculations were performed using the code OXBASH [18] for two different previously developed basis spaces, and their associated interactions, but with different levels of truncation.
In the first set of calculations the basis space and interactions of Gloeckner [7] were applied. In these calculations the core is 88 Sr, with protons filling the 2p 1/2 and 2g 9/2 orbitals and neutrons filling the 2d 5/2 and 3s 1/2 orbitals. Following the terminology of the OXBASH program, this basis and its interactions are denoted "GL" in the following discussion. There is no need to restrict the orbital occupations in this basis, but it is limited in that no 3 − states can be formed in 90 Zr. On the other hand, this simple basis, with interactions from fits to the energy levels of nuclei near 88 Sr, gives a reasonably good account of most of the low-excitation levels, including the 2 1 + states (see below as well as Ref. [14] and references therein).
In the second case the more extended "GWB" basis was used with the "GWBXG" interactions, along the lines of recent calculations by Zhang et al. [8] . The GWBXG residual interaction combines effective interactions from the bare G matrix of the H7B potential [19] with empirically adjusted matrix elements and single-particle energies. Further details are provided in Ref. [8] and with the OXBASH online distribution [18] . The full basis space includes the ͑1f 5/2 ,2p 3/2 ,2p 1/2 ,1g 9/2 ͒ and ͑1g 9/2 ,2p 1/2 , 2d 5/2 ,3s 1/2 ,2d 3/2 ,1g 7/2 ͒ subshells, but for practical calculations there must be restrictions on the allowed configurations. In all calculations performed the proton excitations were constrained by the requirement that no more than two protons can be excited across the Z = 38 subshell gap into 2p 1/2 and 1g 9/2 . Particle-hole excitations across the N = 50 neutron shell closure were not allowed, except in some supplementary calculations discussed in Sec. III B. In 91, 92 Zr, the occupation of the 2d 5/2 , 3s 1/2 , 2d 3/2 , and 1g 7/2 orbits by the two valence neutrons can be unrestricted; however, for the heavier isotopes it is necessary that restrictions be placed on the occupation of these orbits. As far as the first 2 + states are concerned, the lowest two neutron orbits, namely, 2d 5/2 and 3s 1/2 , are expected to be most important. This expectation was tested by a series of calculations in the GWB basis with varying levels of truncation.
The effective charges of the proton and neutron were taken to be e eff = 1.77 and e eff = 1.19, consistent with values suggested in Refs. [7, 9, 10] for the E2 effective charges. There is no a priori reason to expect the same effective charges for the E3 operator. However, in the regions of strong octupole collectivity around 146 Gd and 208 Pb the E3 effective charges resemble those assumed here for the E2 operator once octupole-vibration coupling is explicitly taken into account [20, 21] . As a first approximation it will be assumed that the E2 and E3 effective charges are the same. A shortfall in the calculated E3 transition rates will be interpreted as evidence of octupole phonon admixtures. A similar approach has been taken in recent shell model calculations near 100 Sn [22] . The intrinsic spin g factors of the nucleons were quenched to 0.75 times the bare nucleon values, i.e., g s ͑͒ = + 4.19, g s ͑͒ = −2.87, while the orbital g factors were g l =1͑0͒ for protons (neutrons). A similar quenching factor of 0.7 was used in Ref. [13] . In Table I the resulting single-nucleon g factors of interest for the following discussion are compared with theoretical and experimental effective g factors obtained by Johnstone and Towner [11] . These authors have identified a significant difference in effective single-particle g factors depending on the orbit and on whether the 2p 1/2 orbit is empty or full. They also fitted data for N = 50 and N =51 to determine experimental effective g factors for the 1g 9/2 and 2d 5/2 orbits upon which the present calculations depend most sensitively. The g factors adopted for the calculations below agree within the experimental limits with those obtained by Johnstone and Towner, and also give a reasonably good description of the states with relatively pure configurations discussed in the following section.
III. RESULTS AND DISCUSSION OF SHELL MODEL CALCULATIONS
A. g factors of ground-states and high-spin isomers Table II compares the experimental and theoretical g factors for the high-spin isomers and ground states of the odd-A isotopes 91 Zr and 95 Zr (see also Ref. [14] ). On the whole the g factors of these states are well reproduced and the configuration designated in the last column of Table II is dominant in the wave function. These relatively simple states provide a point of comparison for the 2 + and 3 − states considered in the following subsections.
Although the g factors appear to be better described by the calculations with the simpler GL basis, this improvement is an artifact of the choice of quenching factors for the barenucleon spin g factors. It would be reasonable to use spin g factors that are closer to the bare-nucleon values in the larger-basis calculations and thereby bring theory and experiment into better agreement, but such fine tuning has not been pursued here. Zr. The present shell model calculations are also compared with experiment and the results of recent calculations [9] in Fig. 1 . Overall the main trends in the data are reproduced by the calculations. The B͑E2͒ values obtained in the GL and GWB calculations are in reasonable agreement with each other, and for 92, 94, 96 Zr the agreement with experiment is reasonably good, and possibly better than that in the calculations of Holt et al. [9] .
B. Properties of the 2 1 + states
For 90 Zr, both the present calculations and those of Holt et al. underestimate the observed transition rate. Since these calculations have a closed N = 50 shell, further calculations (not shown in Table III ) which allowed neutrons to excite across the N = 50 shell gap, were performed in the GWB basis. In the first place, excitations from the p 1/2 orbit alone were allowed. It was found that the calculated transition rate increased by about 25%, but there was little effect on the g factor. A neutron hole was then allowed in either the p 1/2 or the g 9/2 orbit. With this larger configuration space the transition rate increased to 174 e 2 fm 4 , which is larger than experiment. At first sight an experimental 2 1 + → 0 1 + transition rate that is larger than a shell model calculation might be associated with increased quadrupole collectivity in the 2 1 + state. However, in these calculations for 90 Zr, the changes in the E2 transition rate are predominantly due to a redistribution of the amplitudes in the ground-state wavefunction, while the structure of the 2 1 + state is relatively little affected, as is evidenced by the calculated g͑2 1 + ͒ value which is reduced only a little, from 1.264 to 1.156. Thus the comparison of the experimental and theoretical B͑E2͒ values for 90 Zr in Table III , respectively. These conclusions hold for calculations in both basis spaces and for all levels of truncation of the GWB basis. Note that the transition rate increases and the g factor decreases as the number of orbits included in the GWB calculation is increased, generally bringing both into better agreement with experiment. A feature of the level spectra of the even Zr and Mo isotopes near N = 50 that has been emphasized recently [8, 9, 14] is the apparent weak coupling of the proton and neutron valence spaces. This phenomenon gives rise to predicted 2 1 + states in the N = 52, 54 nuclei 92, 94 Zr and 94, 96 Mo that are predominantly ͑d 5/2 ͒ n excitations. As discussed in Ref. [14] , it cannot be judged from the level spectrum alone whether the proton-neutron ͑pn͒ coupling is weak or rather strong and state independent. Magnetic moments, however, can probe the proton-neutron coupling through their sensitivity to the relative contributions of protons and neutrons to the angular momentum of the states. Indeed, the g factor data were used by Werner et al. [13] to adjust the strength of the T = 0 channel of the pn interaction in their shell model calculations for 92 Zr. It is beyond the scope of the present study to seek an optimal basis space and set of effective interactions for the Zr isotopes. Although better agreement could be achieved by further tuning the interactions, the moment data generally support the weak-coupling picture as a first approximation, and show that it is more appropriate in the Zr isotopes than in the Mo isotopes.
Because [9] , and experiment. Experimental data are designated by the open circles. The results shown for the GWB basis are those for the "dsd" truncation.
͉͑2
+
Experimentally, the g factor is near zero and favors a positive sign, but within two standard deviations of the experimental uncertainties, −0.11Ͻ g Ͻ + 0.17, a negative sign is also possible. The GL calculation comes within this range, while the GWB result is slightly outside of it. Despite the rather different wave functions, the B͑E2͒ values obtained in the two calculations are in reasonable agreement with each other and within a factor of 2 to 3 of experiment. Ca in Ref. [29] , in which the 2 + state is written as a superposition of a collective component and a single-particle component. (See also the analysis of the 3 1 − states presented below.) However, this type of analysis was not pursued here because the main trends in the data concerning the 2 1 + states are reproduced by the shell model approach (see Fig. 1 ) and it would be appropriate to refine the shell-model interactions, and effective charges, before reverting to a semiempirical particlevibration coupling analysis of these 2 + states. Furthermore, B͑E2͒ systematics [25] reveal that the [90] [91] [92] [93] [94] [95] [96] Zr isotopes form one of the regions of lowest quadrupole collectivity in the nuclear chart. Taking this observation together with the fact that the shell model B͑E2͒'s are already close to experiment strongly suggests that a particle-vibration analysis of the 2 1 + states would be inappropriate.
C. Properties of the 3 1 − states
While the overall trends in the excitation energies, B͑E2͒'s, and g factors of the 2 1 + states are reasonably well reproduced by the shell model calculations, clear disparities in the energy trends and B͑E3͒ values are apparent in the calculations for the 3 − states, as shown in Table IV and Fig.  2 . In 90 Zr, the excitation energy and g factor are quite well reproduced by the GWB calculation (all columns under GWB in the table are the same because N = 50 is closed). However, the B͑E3͒ is underestimated by a factor of 5. According to the shell model calculations, which are supported by the experimental g factor, the 3 − state in 90 Zr is mainly due to the ͑p 3/2 g 9/2 ͒ 3 − configuration. The full transition strength for a pure ͑p 3/2 g 9/2 ͒ 3 − → ͑p 3/2 ͒ 0 + 2 transition would be ϳ7100 e 2 fm 6 , which is still only half of the experimental value. Thus the shortfall in the B͑E3͒ value cannot be ascribed to the properties of the ground-state wave function as discussed above in relation to the B͑E2;2 1
Zr. Instead, this observation strongly suggests that there are collective octupole contributions in the 3 − state that the shell model with a closed N = 50 shell does not include. The relatively good agreement between the experimental g factor and that of a pure ͑p 3/2 g 9/2 ͒ configuration may be partly fortuitous: It can be seen from the g factors of the configurations near the Fermi surface, listed in Table V, that tions to the g factor might largely cancel and result in a somewhat collective 3 − state with a g factor close to that of the dominant single-particle configuration. This conjecture is in accord with the particle-vibration analysis in the following section.
As neutrons are added to 90 Zr, the excitation energy of the experimental 3 − state decreases with each additional pair of neutrons. (See Fig. 2 Zr, but only half of the magnitude of that observed experimentally. Thereafter, the shell model calculations predict that the 3 − state energy increases with the addition of neutron pairs, to the point where in 96 Zr, the experimental and theoretical excitation energies differ by 2 MeV, with the calculated level at over twice the excitation energy of the observed level. It is relevant to note that similar trends were found in the shell model calculations of Holt et al. [9] . In their calculations, and for the GL basis, the 3 − states are primarily due to the configurations ͓͑p 1/2 g 9/2 ͒ 4 − ͑d 5/2 ͒ 2 + 2 ͔ 3 − and ͓͑p 1/2 g 9/2 ͒ 5 − ͑d 5/2 ͒ 2 + 2 ͔ 3 −. These configurations have g factors that are significantly larger than experiment (Table V) . Furthermore, in contrast with the strong E3 transitions observed experimentally, there is no one-body transition strength to connect these configurations to the ground state. For calculations in the GWB basis, the octupole transitions in all isotopes stem from the proton g 9/2 → p 3/2 transition. The increased theoretical value for 96 Zr (Table IV) is due primarily to changes in the ground-state wave function that are associated with the d 5/2 subshell closure, not to a change in the structure of the 3 − state. In fact the experimental g factor, as well as the GWB shell model calculation, imply that the 3 − state wave function is dominated by the ͑p 3/2 g 9/2 ͒ configuration, very much like the 3 − state in 90 Zr. The shell model calculations of the B͑E3͒ transition rates could be brought into agreement with experiment by using an effective charge for the proton of e eff ϳ 4. The description of 90 Zr would then be quite good, but the calculated excitation energies in the heavier isotopes would remain problematic.
Thus the present shell model calculations imply that proton single-particle configurations are dominant in the 3 − state wave functions of all four Zr isotopes, but put the excitation energies too high and fail to account for the strong E3 transitions to the ground states (on average by a factor of ϳ5). As mentioned above, the measured B͑E3͒ for 96 Zr is one of the strongest octupole-phonon to ground-state transitions observed in nuclei (see, e.g., Refs. [16, 17] and references therein). The 3 1 − states therefore present a puzzle, especially in 96 Zr, where the state is apparently strongly collective and yet the experimental g factor clearly shows single-proton characteristics that are expected to be lost in a collective state. Although the implications of the experimental g factor and the measured lifetime seem contradictory, it is difficult to believe that either measurement is incorrect. The following section therefore presents a semiempirical particle-vibration coupling analysis (cf. Ref. [30] ) that seeks a consistent explanation of the measured g factors and E3 transition rates in 90 Zr and 96 Zr. It is motivated in part by the observation that an effective proton charge of e eff ϳ 4, which would be required to bring the shell model calculations into harmony with experiment, is similar in magnitude to those found for [9] , and experiment. Experimental data are designated by the open circles. The results shown for the GWB basis are those for the "dsd" truncation. The B͑E3͒ is zero for all cases in the GL basis, and is small in the basis employed by Holt et al. [9] ; see text.
E3 transitions between the "single-particle" states in the 208 Pb region where the coupling of the single-particle states to the octupole vibration has been well studied (see Ref.
[31], Table 6 -15, p. 564).
IV. PARTICLE-VIBRATION COUPLING AND THE 3 − STATES
Octupole collectivity is associated with regions of the nuclear shell model where there are single particle orbits with ⌬l = 3 and ⌬j = 3 available near the Fermi surface for both protons and neutrons. The most relevant configurations for 3 − states in the Zr isotopes are ͑p 3/2 g 9/2 ͒ and ͑d 5/2 h 11/2 ͒. Strong octupole correlations are expected because these orbits for both protons and neutrons are separated by a similar energy, about 3.5 to 4 MeV.
Coupling between the octupole mode and a single-particle configuration gives rise to "renormalized" single-particle states containing significant octupole-coupled admixtures (see, for example, Ref. [31] , pp. 562-566). Thus the observed octupole-coupled g 9/2 state in the Zr region would be represented as
where 3 coll − represents the collective octupole vibration and the tilde indicates that the empirical single-particle state includes octupole-coupled components. As another example, a ͑d , p͒ experiment on 89 Sr ͓32͔ reports an admixture of the 11/ 2 − member of the d 5/2 3 − multiplet with the h 11/2 orbital, where 3 − corresponds to the core excitation in 88 Sr. As a first approximation in which Pauli blocking effects are ignored, it is reasonable to write the wave functions of the predominantly ͑p 3/2 g 9/2 ͒ 3 1 − states in 90 Zr and 96 Zr in the form
where ͉3 shell − ͘ represents the shell model configuration, and the mixing amplitude ␣ Ͻ 1. In other words it will be assumed, as a first approximation, that the internal structure of the collective 3 − state is changed little by coupling it to a particular shell model configuration. This assumption may not be entirely justified. Despite this caveat an attempt will be made to apply a simple particle-vibration model as a feasibility estimate, i.e., to give an indication whether a more sophisticated particle-vibration approach might possibly explain both the "single-particle" g factors and the "collective" E3 decay strengths of the 3 1 − states in 90   Zr and   96 Zr. It follows from Eq. (4) that the observed g factor and B͑E3͒ are given by
and
where the subscripts "coll" and "shell" indicate the collective and shell model contributions, respectively. In a purely empirical model there is a sign ambiguity in the expression for the B͑E3͒. Fortunately, however, the effect of this uncertainty in the sign is mitigated because B͑E3͒ coll ӷ B͑E3͒ shell .
To proceed, in the spirit of obtaining a credibility estimate for this type of approach, the following analysis assumes the most optimistic alternative, namely, a positive sign in Eq. ͑6͒. The effect of taking the negative sign will be discussed toward the end of the section. Since ␣ Ͻ 1, and g coll Ӷ g shell , while B͑E3͒ coll ӷ B͑E3͒ shell , Eqs. (5) and (6) indicate that the B͑E3͒ can be much more sensitive to small collective admixtures than the g factor, which suggests that an appropriately mixed state might show both a g factor near the single-particle value and a collective E3 transition strength to the ground state.
A consistent description of the g factor and B͑E3͒ data for the 3 1 − states in 90 Zr and 96
Zr was sought using Eqs. (4)- (6). There are two experimental g factors and two experimental B͑E3͒ values to be explained, making four experimental data in all. If the constituent g factor and B͑E3͒ values, as well as the mixing amplitudes, on the right-hand sides of Eqs. (5) and (6) Zr. It remains to specify the collective component of the B͑E3͒. In the absence of a clearly applicable theoretical value, B͑E3͒ coll was parametrized by making use of the form of the E3 sum rule in the hydrodynamical model with irrotational flow (Ref. [31] , p. 405), i.e.,
where C is a constant and the classical harmonic oscillator model has the excitation energy of the 3 − state, E, raised to the power n =1 ͓31͔. In previous work C and n have been treated as free parameters to fit E3 systematics ͓16,34͔. Here C alone was treated as a free parameter ͑with n =1͒ to set the B͑E3͒ coll values in 90 Zr and 96 Zr. Thus a simultaneous fit to the g factors and B͑E3͒ values was sought with three parameters: C, ␣ 90 , and ␣ 96 .
The results are presented in Fig. 3 , where the theoretical g and B͑E3͒ values are plotted as a function of the collective amplitudes ͑␣ 2 ͒ in the 3 − wave functions. The theoretical B͑E3͒ values are plotted for the fitted value of C =65 −9 +16 MeV e 2 fm 6 , and the experimental data are plotted at the ␣ 2 values corresponding to C = 65, where the chi-square has its minimum value. [According to conventional usage, the value of C corresponds to using B͑E3;0 Zr state is 50 % single-particle structure and 50 % collective.
It can be concluded that a consistent explanation of the g factors and E3 transition rates is possible in terms of a semiempirical particle-vibration coupling analysis. However, the plausibility of this analysis depends on whether the implied B͑E3͒ coll values are reasonable or not-a point that is sharp- Zr, this too does not appear to be unreasonably strong. In fact the implied magnitude of B͑E3͒ coll in 96 Zr is consistent with some of the earlier experimental data [17] , in which the octupole collectivity was about 40% stronger than the more recent (and more reliable) experimental value reported by Horen et al. [16] , which is adopted in the present work.
The discussion in the preceding paragraphs, and the results presented in Fig. 3 , correspond to taking the positive sign in Eq. (6) . If the negative sign is used instead, the main change is that the best-fit value of C increases to C = 94± 19 MeV e 2 fm 6 while the mixing amplitudes for the best fit are almost unchanged. The C values obtained for the two alternate signs in Eq. Zr exhaust about ͑12± 2͒% of the energyweighted sum rule; for the negative sign the B͑E3͒ coll values exhaust about ͑18± 4͒% of the energy-weighted sum rule [31, 35] . Although the data are more readily explained if the positive sign applies, the model parameters remain within the realm of credibility for a negative sign as well.
Thus it can be concluded that a consistent, empirical explanation of the g factors and E3 transition rates is possible with reasonable parameters. To place this empirical particlevibration approach on a more rigorous microscopic footing, however, is a matter for future investigations. For example, sufficiently large basis shell model calculations that include the important ͑p 3/2 g 9/2 ͒ and ͑d 5/2 h 11/2 ͒ configurations would be valuable.
V. SUMMARY AND CONCLUSION
The properties of the first 2 + and 3 − states in the even Zr isotopes between 90 Zr and 96 Zr have been examined in the shell model and compared with experimental data, especially recent g factor results [1] [2] [3] . Generally the description of the 2 + states is satisfactory. The 3 − states are more enigmatic. The agreement between shell model theory and experiment is good for the g factors in 90 Zr and 96 Zr, implying a state dominated by the proton configuration ͑p 3/2 g 9/2 ͒ 3 −. Despite this apparent singleparticle structure, the E3 transition strength observed in both nuclei is a factor of 5 larger than the shell model calculations predict, which seems to imply that the first 3 − states are collective, and strongly so in 96 Zr. It has been demonstrated that the dichotomy concerning the 3 − states can be resolved in terms of an empirical particle-vibration approach, which introduces a collective contribution into the wave functions of otherwise single- Zr. In the lower panels the solid lines represent the theory for the best fit value of the parameter C while the dashed lines indicate the uncertainty in the calculated B͑E3͒ due to the uncertainty in C.
particle states. The success of this simple empirical approach invites further investigation to illuminate its microscopic basis.
The experimental g factors and the present analysis make it very clear that there remain strong single-particle components in the otherwise apparently collective 3 1 − states of 90 Zr and 96 Zr, a feature that would hardly have been anticipated without the g factor data.
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